Sample entropy (Vasicek, 1976) has poor performance, and several nonparametric entropy estimators have been proposed as alternatives. In this paper, we consider a piecewise uniform density function based on quantiles, which enables us to evaluate entropy in each interval, and study the poor performance of the sample entropy in terms of the poor estimation of lower and upper quantiles. Then we propose some improved entropy estimators by simply modifying the quantile estimators, and compare their performances with some existing estimators.
Introduction
Suppose that a random variable X has a distribution function F(x) with a continuous density function f (x). The differential entropy H( f ) of the random variable is defined by Shannon (1948) to be
(1.1)
The nonparametric entropy estimator of (1.1) can be instantly obtained as
where f n (x) is a nonparametric density estimator. Dmitriev and Tarasenko (1973) , and Ahmad and Lin (1976) considered the kernel-type density estimator. Theil (1980) considered the mean and mass preserving maximum entropy distribution, and Dudewicz and van der Meulen (1987) considered the empirical probability density estimator. There have also been some approaches based on the direct estimation of (1.1). Vasicek (1976) introduced the sample entropy based on the spacings of order statistics, whose underlying nonparametric density estimator was later discovered by Park and Park (2003) . Ebrahimi et al. (1994) modified the sample entropy, and an approach based on linear regression was also provided by Correa (1995) . Entropy estimator itself can be considered as a goodness of fit test statistic based on the maximum entropy principle (Vasicek, 1976; Choi and Kim, 2006) Sample entropy has been widely considered as an entropy estimate but its performance on tails is not so satisfactory. In this paper, we consider a piecewise uniform density function in each interval Park' where the endpoints of each interval are defined to be quantiles. Hence, a nonparametric density estimator can be instantly established by estimating the quantiles. Then we can discuss the poor performance of the sample entropy in terms of its underlying nonparametric density estimator. We can consider the amount of the entropy in each interval and confirm the poor performance of the sample entropy in both tails. We further propose some modified entropy estimators by improving the lower and upper quantile estimators and compare their performances with some existing estimators.
Tail Behaviors of Sample Entropy
Suppose that a random variable X has a distribution function F(x) with a continuous density function f (x). We will consider the following approximation of f (x) as
where ξ i/n = F −1 (i/n), which is the (i/n) th quantile of F(x). We can interpret f n (x) to be a piecewise uniform density function with a mass 1/n at each interval (ξ (i−1)/n , ξ i/n ), i = 1, . . . , n. We can easily show that f n (x) → f (x) almost everywhere as n → ∞.
Suppose now that we have a sample of size n, x 1:n , . . . , x n:n , from a continuous density function f (x) where x i:n is the i th ordered sample value. Then we can establish a nonparametric density estimator just by replacing ξ i/n 's in (2.1), i = 0, . . . , n, with their nonparametric quantile estimators. Theil (1980) , and Dudewicz and van der Meulen (1987) considered the similar type of density estimators and established the corresponding nonparametric entropy estimators.
Many nonparametric quantile estimators have been suggested in a function of the ordered sample (Reiss, 1981; Yang, 1985) . However, we confine our attention to the average of adjacent order statistics to (i/n) th quantile since it can later provide a simple nonparametric entropy estimator. We definê ξ i/n to be the average of 2m adjacent order statistics to (i/n) th quantile, x i−m+1:n , . . . , x i+m:n aŝ
where x i:n = x 1:n if i < 1 and x i:n = x n:n if i > n. Then the density function estimator can be written as
where
is the underlying density estimator of the sample entropy (Park and Park, 2003) . We can instantly see the defectiveness in both tails of f mn (x) for a finite sample size; The (i/n) th quantile is overestimated for i < m + 1 and underestimated for i > n − m since x i:n 's are replaced with x 1:n and x n:n for i < 1 and i > n, respectively. For example, we can see that (1/n) th quantile is overestimated with (m · x 1:n + x 2:n + · · · + x m+1:n )/2m. This defectiveness comes from replacing x i:n 's for i < 1 and i > n with x 1:n and x n:n , respectively, since we do not have any more data points beyond (x 1:n , x n:n ).
In Figure 1 , we draw f mn (x) based on a sample of size 100 from standard normal and exponential distributions where the sample is taken to be ξ i/101 , i = 0, . . . , 100's to avoid the sample variation. Comparing with true density lines, Figure 1 shows that f mn (x) has a serious defectiveness in both tails and suggests that f mn (x) needs to be modified to be monotone decreasing in both ends. Several nonparametric entropy estimators have been suggested by many authors including Vasicek (1976), Theil (1980) , Dudewicz and van der Meulen (1987) , Bowman (1992) and Correa (1995) , Ebrahimi et al. (1994) . While Vasicek (1976) and Ebrahimi et al. (1994) directly obtained the nonparametric entropy estimators, Theil (1980) , Dudewicz and van der Meulen (1987) and Bowman (1992) first determined a nonparametric density function and obtained its entropy by evaluating (1.2). The sample entropy (Vasicek, 1976) , which is the entropy of f mn (x), has been most popular among the mentioned nonparametric entropy estimators, as
where x i:n = x 1:n for i < 1 and x i:n = x n:n for i > n. We can assume that the performance of H mn is not so good and that most of poor performance comes from tails since the underlying distribution, f mn , has the problem of poor estimation of lower and upper quantiles. To verify this, we first calculate true amount of the entropy in each interval as
and compare it with its estimate based on f mn as
) .
In Figure 2 , we calculate H i ( f ) for the standard normal, exponential, uniform and Weibull (shape = 2) distributions and H i ( f mn ) based on a sample of size 20 from each distribution where the sample is taken to be ξ i/21 , i = 1, . . . , 20's to avoid sample variation. We see that the sample entropy underestimates the true entropy in both tails and the difference increases in both tails. Hence, we can confirm that the poor performance of the sample entropy comes from the poor estimation of the entropy in both tails, that basically results from the poor estimation of lower and upper quantiles in f mn .
Modified Density Estimators
f mn in the previous section is defined based on a bounded support, (ξ 0 ,ξ 1 ). In modifying f mn to be defined on (−∞, ∞), we cannot establish the piecewise uniform distribution in (−∞,ξ 1/n ) and (ξ (n−1)/n , ∞). Hence, we will employ the exponential smoothing in those subintervals, which has been also discussed in Theil (1980) . Then the density function in (−∞, ξ 1/n ) can be taken to be two-parameter exponential distribution function, n −1 exp{(x − ξ 1/n )/θ}/θ, instead of the uniform distribution. Determining the scale parameter is a remaining part but we determine here θ to be ξ 2/n − ξ 1/n so that the density function is continuous at ξ 1/n . In a similar way, the distribution in (ξ (n−1)/n , ∞) can be taken to be n −1 exp{−(x − ξ (n−1)/n )/θ}/θ and θ can be determined to be ξ (n−1)/n − ξ (n−2)/n .
Hence, the exponentially smoothed piecewise uniform density function of (2.1) is
Next, we will provide two alternatives to the quantile estimatorξ i/n employed in f mn (x). We see thatξ i/n is not an adequate estimator of ξ i/n for large m. The first alternative can be established by generating pseudo data points as x i:n = x 1:n + (i − 1)d, i < 1 and
where d is the estimated gap of order statistics of order 1. The possible candidates of d are (x i+1:n − x i:n )'s for i = 1, . . . , m so that their average, ∑ m k=1 (x k+1:n − x k:n )/m = (x m+1:n − x 1:n )/m, can be a possible choice. Then we can replace x i:n 's for i < 1 and i > n with the pseudo data points as follow:
Hence, the nonparametric quantile estimator can be written aŝ
where x i:n 's for i < 1 and i > n are defined in (3.2). The proposed replacement procedure actually adds some pseudo data points beyond each end. Therefore, this modified density estimator may not be adequate for the bounded support case since some lower and upper quantile estimators are outside the support.
The second alternative can be established by estimating the quantiles with only available order statistics so thatξ
where a is chosen to be min(m, i, n − i). For example, ξ 1/n is estimated with (x 1:n + x 2:n )/2. We see that bothξ b 1/n andξ b (n−1)/n are within the given support even for a distribution function with bounded support. Hence, ξ 0 and ξ 1 can be determined to be a and b, respectively, for a distribution function defined on (a, b) .
Hence, the smoothed piecewise uniform density estimators can be established by replacing ξ i/n 's in f sn (x) withξ comparison, we consider the nonparametric kernel density estimator based on the empirical density function, that can be written as
where K is a kernel density function and h is a bandwidth.
We generated the random sample from the standard normal distribution with sample size of n = 10, 20, 30, 100. Table 1 presents optimal m which produces the least MISE(Mean Integrated Squared Error) and the corresponding MISE of f mn (x), f a smn (x) and f b smn (x) for a standard normal distribution over 10,000 simulation samples. The MISE of kernel density estimator, f k (x) is also presented. The gaussian function was used for the kernel function of f k (x) and the bandwidth was selected by the rule of thumb which is known as a very efficient rule for the normal data.
Note that both f a smn (x) and f b smn (x) are superior to f mn (x) for all cases. We can see that the performance of piecewise uniform density estimator improved substantially by modifying the tail parts. However, f a smn (x) and f b smn (x) are not as good as f k (x). Therefore, it is not a good idea to use the suggested here density estimators instead of f k (x) as a density estimator. However, we should remember that f a smn (x) and f b smn (x) have merits over f k (x) that it is easier to evaluate its any functional form and this will be discuss in the next section.
Nonparametric Entropy Estimation
The improved entropy estimator can be obtained by taking the entropy of f a smn (x) defined in the previous section as follows:
where x i:n for i < 1 and i > n are defined in (3.2). We note that H a smn does not employ the boundary information since some lower and upper quantile estimates may be outside the support.
The entropy of f b smn (x) for the unbounded support case can be also obtained as 
Hence, the exponential smoothing in H 
can be applied to the unbounded case by arbitrarily determining a and b. The five standard deviation rule has been suggested by Ebrahimi et al. (1994) but H d (n, m) has its flaw in calculation since x 1:n may be less than the lower limit a. Hence, we consider H d (n, m) only in the uniform distribution. We also consider the entropy estimator (Correa, 1995) , which is based on the regression estimate of dF −1 (u)/du, Tables 2 to 4 , we determine the optimal m to be one which produces the least mean squared error, and present the optimal m's and the corresponding root of mean squared errors (RMSE) of entropy estimators based on 10,000 simulations. In Table 2 Table 3 . We note that H b smn for the exponential distribution is the entropy of f b smn (x) where ξ 0 is taken to be 0 and the exponential smoothing is done only on (ξ (n−1)/n , ∞). The performances of all modified entropy estimators, except the sample entropy, are comparable for both distributions, but H b smn slightly outperforms others. We also consider the uniform distribution in Table 4 and include H d instead of H c for comparison. In Table 4 , H a smn slightly outperforms; however, the performance of H b smn is not so good though the latter utilized the boundary information. This is because, we think, the chosen lower and upper quantile estimators are not good for the uniform distribution; In H b smn ,ξ 1/n is (x 1:n + x 2:n )/2 and its expected value is 1.5/(n + 1) which is quite far from 1/n for a small sample size.
Conclusion
We use the piecewise uniform density function, where the intervals are determined to be quantiles, and verify the poor performance of the sample entropy on tails. Then we propose some modified entropy estimators by simply improving the lower and upper quantile estimators. It is also shown that the performances of the proposed estimators are comparable with some competing estimators.
